Basics in Design and Analysis of Discrete Time Control Systems

Chapter 5: Discrete Linear time invariant system controller design

1. Introduction

In the previous chapters we have discussed in details mainly the representation and
modeling of discrete (sampled data) control systems, where the input-output or
discrete transfer function representation is considered as the most important method to
describe the behavior of such systems. This is because the knowledge of the transfer
function is fundamental and basic for designing the appropriate controller which
ensures the operation of the whole feedback control system with the required and
desired performance.

This chapter will be devoted to discuss the discrete controller for the sampled data
control system and we will be particularly interesting with the design of discrete
proportional-integral-derivative (shortly named as PID) controller (regulator). We will
focus on this type of controllers due to the fact that it is simple in structure and

operation, familiar and extensively used everywhere.
2. Continuous time PID controller

Before tackling the subject of designing the discrete PID controller for a sampled
data system, it is convenient to make brief review on continuous time PID controller.
The continuous time PID controller can be defined as an algorithm used to control or
regulate a given physical quantity (variable) for a given process or system. It is the
type of controller which is widely used in industrial processes, engineering and other
fields. PID controller, also called three terms controller, is implemented using three
actions:

- Proportional action (P).

- Integral action (I).

- Derivative action (D).

Using these three actions of control, different types and structures of control can be
built such as: P, PI, PD and PID controllers.
In the subsequent sections, we consider the general input-output block diagram

representation at the controller level as it is depicted in Fig.5.1.
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Fig.5.1 General block diagram of the controller input-output relation

With e(t) and u(t) are respectively the tracking error and the control signals.
We recall from the previous chapters that in time domain, the tracking error signal is
defined in a unity feedback control system as the difference between the reference

signal 7(t) and the actual output signal y(t). Mathematically, this is defined by:

e(t) =r(t) —y(®) (.1

2.1 Proportional (P) controller

The control law generated using the proportional (P) controller is defined by the

following relation:
u(t) = Kye(t) (5.2)

With K, is called the proportional constant (parameter) which is specific designation
to the proportional-type controller.

In frequency domain, the transfer function representing P-type controller can be
obtained by applying Laplace transform on both sides of the relation (5.2). The result

1s mentioned by:

U(s) _

GP(S) = E(S) Kp

(5.3)

With :

Cp(s): is the P-type controller transfer function.

E(s) and U(s) are respectively Laplace transform of the input and output of the
controller. We can also represent the P-controller by the following general block

diagram depicted in Fig.5.2.
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Fig.5.2 General block diagram representation of P-type controller

2.2 Proportional-Integral (PI) controller

The proportional-integral, which is abbreviated by PI and known as PI-type
controller is a control algorithm based on two simultaneous actions; proportional
action and integral action. Using this controller, the control signal is generated

according to the following law (relation):

t

u(t) = K,e(t) + K; f e(t)dr (5.4)
0
With:
K, is the proportional action constant (coefficient).
K;: is the integral action constant (coefficient).

In some times (depending on the application), the PI control action is governed by:

t

u(t) = K, [e(t) + Tif e(t)dr (5.5)

With:

T;: 1s called the integral time constant and is related to the integral constant by :
K, = o 5.6

We can obtain the transfer function of PI controller by simply applying Laplace
transform on both sides of either (5.4) or (5.5). In other words, we can have two
transfer function configurations.

Using (5.4), the corresponding PI controller transfer function is given to be:
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U K,
Gpy(s) = EE? K+ (5.7)

Regarding the relation (5.6), another form of PI controller transfer function can also be

obtained and given by:

U(s) 1+ T;s
E( ) P TiS

Gpi(s) = (5.8)

Accordingly, two block diagram representations can be given to the PI controller
respective to the couple of the above relations. These are given respectively in Fig.5.3

(a) and Fig.5.3 (b).
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Fig.5.3 PI controller block diagram two possible representations

2.3 Proportional-Derivative (PD) controller

Among the possible combination between the three control actions P, I and D is
that of combining the proportional action (P) with the derivative action (D) to form the
Proportional-Derivative (PD) controller. For this controller type, the control law
(signal) is generated using the following relationship between the tracking error, e(t),
as input to the controller and the control (actuating) signal, u(t), as the output of the

controller:
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dle(t)]
dt

u(t) = Kye(t) + K, (5.9)

with:

K, and K, are respectively the proportional action constant and the derivative action
constant.

The expression (5.9) can also be rewritten under the following form:

de(t)

u(t) = K, [e(t) + T, T

(5.10)

With :
T, : 1s called the derivative time constant, which is defined according to the following

relation:

Using transfer function representation, PD controller can be input-output modeled by

the following respective transfer functions:

Gpp(s) = UES) = (K, + K4s) (5.12)
And:

Gpp(s) = E ; = K,(1+ Tys) (5.13)
With :

Ty = % (5.14)

Is called the derivative time constant.
When using block diagram representation, PD controller operation is also illustrated as

shown in Fig.5.4.
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Fig.5.4 PD controller block diagram two possible representations

2.4 Proportional-Integral-Derivative (PID) controller

Proportional-integral-Derivative, abbreviated by PID, controller is the control
algorithm that involves the contribution of all three control actions, P, I and D. as for
the previous types, PID controller can be implemented using several and different
structures and architectures. In this section, we shall briefly discuss three of them,
namely:

- Series PID configuration.

- Parallel PID configuration.

- Mixed PID configuration.

2.4.1 Series PID controller configuration

Series PID controller configuration is the structure of the controller where the
proportional, integral and derivative actions are connected in series as it is mentioned

and represented by the following block diagram of Fig.5.5.

Dr. Yassine YAKHELEF

103

—
| —



Basics in Design and Analysis of Discrete Time Control Systems

O\H
+
v
3
(=
H

Fig.5.5 block diagram representation for series configuration of PID controller

The time domain relationship between the tracking error as input and the actuating
(control) signal as the output of the series configuration of PID controller is given as

follows:

w(®) = Kye(t) + K, J e(r) dr + K, d‘;(tt)

t

T, + T, 1
=K, T e(t) +Flf e(t)dt + Ty
0

de(t)
dt

(5.15)

By applying Laplace transform on both sides of (5.14), the frequency domain
representation describing the behavior of the PID controller under its series structure
implementation is given by the following continuous time transfer function:

U(s) 1
GPIDS(S) = m = Kp (1 + ﬁ) (1 + TdS) (516)

2.4.2 Parallel PID controller configuration

The PID controller can also be implemented using a parallel structure where the
three actions Proportional, integral and derivative of the controller are connected in

parallel structure as it is depicted in Fig.5.6.
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Fig.5.6 block diagram representation for parallel configuration of PID controller

The control law that governs the operation of parallel configuration of PID
controller is expressed in the time domain by the following relationship between the

input and the output of the controller:

t
de(t
u(t) = Kye(t) + K; J e(t)dt+ K, d(t ) (5.17)
0
From (5.16) and using Laplace transform, the corresponding transfer function

representing and describing the behavior of the controller is obtained and given by:

U(s) 1
GPIDp (S) = m = Kp + Ki ; + KdS (518)

Obviously, the parallel structure of PID controller is simpler and direct compared
with the series configuration. Therefore, as long as the implementation of the
controller is considered, the parallel structure is preferred in most of the industrial

cases [7].

Dr. Yassine YAKHELEF

105

—
| —



Basics in Design and Analysis of Discrete Time Control Systems

2.4.3 Mixed PID controller configuration

The mixed structure used to implement PID controller combines between both
series and parallel connection of the proportional, integral and derivative control

actions. A typical block diagram of this PID structure is shown in Fig.5.7.
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Fig.5.7 block diagram representation for mixed configuration of PID controller

The input-output law that describes the generation of the control signal by the

mixed configuration of PID controller is expressed in the time domain by:

t

u(t) = K, |e(t) +%f e(t)dt + Ty

i
0

de(t)
dt

(5.19)

In the frequency domain, the continuous time transfer function which is
representing the behavior of mixed structure PID controller is obtained by using

Laplace transform mathematical tool to be written as:

U(s)

1
Gpipm (S) = E =K, (1 + Ts + Tds) (5.20)
l

3. Discrete PID controller design

Among the direct and straightforward method of designing a discrete (digital) PID

controller is to discretize the already implemented continuous time PID controller by
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using one the discretization methods discussed previously in chapter 3. The general

mechanism can be explained and illustrated by the following diagram of Fig.5.8.

|

L e () . e(k) u(k) !
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Fig.5.8 Block diagram representation showing discretization process

Where:

G(s) and G(z) represent respectively the continuous time and discrete transfer
function of the corresponding controllers.

s = f(z): is the used discretizing function, which corresponds to one of the

discretization methods.
3.1 Discretization methods of continuous time derivative and integral

The basic principle employed to design the discrete (digital) PID controller by
discretizing a continuous time controller consists of approximating the integral and
derivative terms. These approximations consist, in fact, of converting the analog
integral and derivative actions into discrete functions with respect to a predefined
sampling period T.

In this section, we shall focus on using the more useful approximation
(discretization) methods to obtain the discrete versions of the analog (I) and (D).
Namely, this concern:

e Forward Euler’s approximation method.

e Backward Euler’s approximation method.

e Tustin approximation method.

In the following table (Table 5.1), we summarize the use of these approximation
methods to obtain the equivalent z (discrete) transfer functions of integral (I) and

derivative (D) parts of the PID controller.

Dr. Yassine YAKHELEF

107

—
| —



Basics in Design and Analysis of Discrete Time Control Systems

Table 5.1 Discretization of integral (I) and derivative (D) of PID controller [8]

Integral term (I) Derivative term (D)

Continuous | discrete | Continuous | discrete
Forward Euler’s 1 z (z—1)
approximation method s (z-1) > z
Backward Euler’s 1 T,z (z-1)
approximation method s (z—-1) > Tsz
Tustin approximation 1 T, (z+1) 2(z-1)
method s 2(z-1) > Ty (z+1)

With : T represents the used sampling time period

4. Discrete (Digital) PID controller

Now it is easier to design and implement any variant of the different discrete PID
controller types by just choosing and applying one of the above discretization
methods. In the subsequent sections, we will be interesting of using the approximation

method of forward Euler.
4.1 Equivalent Digital Proportional (P) controller

The digital P-type controller is fully defined and described by its discrete transfer
function. Since the behavior of continuous time P-type controller is represented by the
transfer function:

Ues) _ g (5.21)

GP(S) = E(S) — Bp

The equivalent z transfer function is obtained by taking Z transform of G(s),

therefore:

Z{U(s)} _ U(2)

Gp(2) = Z{Gp(s)} = ZEG)]  E@

=Z{K,} = K, (5.22)

Obviously, analog and digital P-type controllers have the same transfer function as
no approximation can be applied to discretize the proportional (P) term of the

controller.
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In time domain representation, the digital proportional controller algorithm is written

according to the following relationship between the input and output samples:
u(k) = K,e(k) (5.23)

If the discrete transfer function of the controller is known, the digital P-type controller

can also be represented by the following functional block diagram shown in Fig.5.9.

e(k) u(k)

— K —

Fig.5.9 General block diagram representation of digital P-type controller

4.2 Equivalent Digital Proportional-Integral (PI) controller

If we consider that the continuous time PI controller is described by its transfer

function mentioned in (5.8), which is rewritten for convenience as:

U(s) 1+ T;s
E( ) p TiS

Gpi(s) = (5.24)

By applying Euler’s forward discretization formula, we can get:

U 1
Gpi(2) = GPI(SNS:(Z;_I) Egzi Kp-| 1+ W

Finally, the equivalent z transfer function of digital PI-type controller is expressed as:

Gpy(2) = (1 n %%) (5.25)

Accordingly, the control law (signal) generated by the controller at the time instant ‘k’

1s expressed by the following time domain relationship.

ulk) = ulk — 1) +K,. (1 + 1) e(k) — Ke(k — 1) (5.26)
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On the other hand, if the analog PI controller is represented by the second variant of

transfer function given as :

U(S) K;

Gp (s) = 26) =Ky +— (5.27)

In this case, when discretizing using forward Euler’ formula, the digital PI controller is

obtained to be represented by the z transfer function given by:

Z
Goi(2) = Grr (| _te-1) = Kp + Ki (=) (5.28)
zZ

The corresponding two possible block diagram representations of the above z transfer

functions of a typical digital PI controller are shown in Fig.5.10.
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Fig.5.10 Digital PI controller block diagram two possible representations

4.3 Equivalent Digital Proportional-Derivative (PD) controller

We have described earlier the continuous time PD controller by two forms of

transfer function which we rewrite here for convenience as:

Gpp(s) = UES) = (K, + Kg4s) (5.29)
And:
o U®
pp(s) = EGs) = Kp,(1 + Tys) (5.30)
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By discretizing using forward Euler’s formula, the corresponding equivalent two
possible discrete transfer function of a typical digital PD controller can be obtained to

be:

Gop(2) = E ; Gro()|_zn) = (K,, + K, (Z; 1)> (5.31)

z

And:

z) (z—-1)
Z) z

Gpp(2) = E GPD(5)| _ez-» =K (1 + Ty

z

) (5.32)

We can express the control law used to generate the control signal of the above two
structures of the digital PD controller by just applying inverse z transform on the
respective transfer functions (5.31) and (5.32). The result will be respectively as
below:

u(k) = (K, + Ky)e(k) — Kge(k — 1) (5.33)
And :
u(k) = (K, + K, Ty )e(k) — K,Tye(k — 1) (5.34)

Using block diagram representation, these two configurations of digital PD

controller can represented as it is depicted in Fig.5.11.

v
=

(@) (b)

Fig.5.11 Digital PD controller block diagram two possible representations
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4.4 Equivalent Digital Proportional-Integral-Derivative (PID) controller

As it was previously discussed in section 2.4, continuous time PID controller can
be implemented using three different structures. Similarly, equivalent digital PID
controller is also being designed under the same of these configurations; namely:

e Series digital PID configuration.

e Parallel digital PID configuration.

e Mixed digital PID configuration.

In the following subsections, we shall interest to deriving the different time
domain, frequency domain and block diagram representations corresponding to each

configuration.
4.4.1 Equivalent Series configuration of digital PID controller

For convenience, we rewrite the transfer function of the series structure of the

analog PID controller as:

Goip, () = 8 K, (1+%) (1 +Tys) (5.35)

Applying forward Euler’s discretization formula, the discrete series configuration

PID controller transfer function is obtained as:

Gpip, (z) = E i Gpip, (S)L:@

1 -1
GPIDS(Z) = Kp 1+ m [1 + Td (ZZ—)] (536)

V4

As long as the control law is concerned, the application of inverse z transform tool
allows us to express the control signal generated at the discrete time instant ‘k’ by the

following relationship between the input and the output samples of the controller.
u(k) =ulk —1) + Cye(k) + Cie(k — 1) + C,e(k — 2) (5.37)

Where :

Cy, C;, Cy: are known constant coefficients and are respectively defined by :
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(. Kp
Co = ?[(Ti +Ty) + 1+ T;T,]
i

K,
¢, = _?[(Ti + Ty) + 2T;T,4]

i

\C; = KTy

We can also give the block diagram representation of this digital PID structure by
direct implementation of the respective z transfer function expression (5.36). this is

shown in Fig.5.12.
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Fig.5.12 Block diagram representation for series configuration digital PID controller

4.4.2 Equivalent parallel configuration of digital PID controller

By referring to transfer function expression derived for parallel structure analog
PID controller in section 2.4.2, and using the discretization formula of forward Euler’s
method, the equivalent z transfer function of this PID structure can be obtained as

follows:

U
Gpip, (z) = % = Gpip, (S)L:@

Gorn, (2) = Ky + K; (%) + K, (Z ; 1) (5.38)

The corresponding control law responsible of generating the control signal can be
derived from the expression of the discrete transfer function (5.38) using the inverse z
transform. After some algebraic manipulations, this control law is described by the

following relationship.
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u(k) =ulk — 1) + [K, + K; + Kz]e(k)
—|K, + 2K,]e(k — 1) + Kye(k — 2) (5.39)

The control law described by (5.39) is also called the difference equation
representation of the parallel structure digital PID controller.
The block diagram representing the operation and behavior of this PID controller
structure can be drawn from the controller’s z transfer function (5.38) and it is shown

in Fig.5.13.
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Fig.5.13 Block diagram representation for parallel configuration digital PID controller

4.4.3 Equivalent mixed configuration of digital PID controller

The mixed structure of digital PID controller combines the series and parallel
structures exactly as it is done for the case of analog PID controller. Consequently, the
equivalent discrete transfer function representing the implementation of this controller
structure is directly obtained by discretization. Using the forward Euler’s formula of
discretization, the equivalent z transfer function of mixed structure digital PID

controller is given as:
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U(z)

GPIDmix (z) = m =

PIDpmix (s) |S=@
zZ

@ = |14 7 (27) + 7a (55 (5.40)

Using inverse z transform applied on transfer function described by (5.40), the
corresponding difference equation representing the controller in the time domain can

be obtained and written as:
u(k) =ulk—1) + Cye(k) + Cie(k — 1) + Cre(k — 2) (5.41)
Where C,, C;, C,: are known constant coefficients and are respectively defined by :
( 1
Co = Kp(l +—+Td)
T;

\ C1 = —K,(1 + 2T,)

\C, = K, Ty

5. Effect PID controller constants on the control system’s performance

We end up this discussion about the design of the equivalent discrete (digital) PID
controller by stating how the performance of the discrete (sampled data) feedback
control system is affected by the choice of the parameters (constants), K,, K; and K,
which characterize respectively the proportional, integral and derivative actions of PID

controller. The effect of these constants is individually summarized in the following

table (Table 5.2).

Table 5.2 Effect of Changing Independently PID Parameters on System Response

Closed Loop R.lse Overshoot S etflmg Steady State Stability

Response Time Time Error

Increasing decrease Increase St Decrease Degrade
Kp Increase

Increasing Small Large
K, Decrease Increase Increase Decrease Degrade

Increasing Sl decrease Decrease e Improve
Kp Decrease Change P
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