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Exercise 9: 

Consider a longer cylinder of radius R and length h uniformly charged in volume with a density ρ>0. 

1- Find the electric field and potential at any point in space, we take V(0)=0V. 

2- Plot the graphs of these two quantities. 

Solution 

The electric field under these conditions is radial. The Gaussian surface in this case is a cylinder of radius r and 

height h, with its axis coinciding with the axis of the charged cylinder. 

- In this case, two regions are distinguished. 

- Region (I); r ≤ R 

a)- Find the flux through the Gaussian surface SG  

The total flux through the Gaussian surface: 

 

𝚽𝑺𝑮 = 𝚽𝟏 +𝚽𝟐 +𝚽𝟑 

               

∯ 𝑬⃗⃗ . 𝒅𝒔⃗ 
𝑺𝑮

=∬ 𝑬⃗⃗ . 𝒅𝒔⃗ 𝟏
𝑺𝟏

+∬ 𝑬⃗⃗  . 𝒅𝒔⃗ 𝟐
𝑺𝟐

+∬ 𝑬⃗⃗ . 𝒅𝒔⃗ 𝟑
𝑺𝟑

 

 

We have 𝑬⃗⃗ ⊥ 𝒔⃗ 𝟐  (𝑬⃗⃗ ⊥ 𝒏⃗⃗ 𝟐) et 𝑬⃗⃗ ⊥ 𝒔⃗ 𝟑(𝑬⃗⃗ ⊥ 𝒏⃗⃗ 𝟑)  , since the field is radial, then : 

∬ 𝑬⃗⃗ 𝟐. 𝒅𝒔⃗ 𝟐
𝑺𝟐

=∬ 𝑬⃗⃗ 𝟑. 𝒅𝒔⃗ 𝟑
𝑺𝟑

= 𝟎 

with 𝑬⃗⃗ ∥ 𝒅𝒔⃗ 𝟏 and in the same direction, then : 

 

 

∯ 𝑬⃗⃗ . 𝒅𝒔⃗ 
𝑺𝑮

=∬ 𝑬⃗⃗ . 𝒅𝒔⃗ 𝟏
𝑺𝟏

=∬ 𝑬 𝒅𝒔𝟏
𝑺𝟏

 

So, we obtain: 

 

 

∯ 𝑬⃗⃗ . 𝒅𝒔⃗ 
𝑺𝑮

= 𝑬∬ 𝒅𝒔𝟏
𝑺𝟏

 

𝑬⃗⃗ .  𝒏⃗⃗ 𝟏 ᇣᇤᇥ
𝑬 ԡ𝒏𝟏ԡᇣᇤᇥ

𝟏

𝒄𝒐𝒔𝟎

𝒅𝒔𝟏 

Constant on the surface S1 because E(r) 

S3 

S1 

S2 

(I) (II) 

𝒏⃗⃗ 𝟏 

𝑬⃗⃗  

𝒏⃗⃗ 𝟑 

𝑬⃗⃗  

𝒏⃗⃗ 𝟐 

𝑬⃗⃗  
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                                      ∯ 𝑬⃗⃗ . 𝒅𝒔⃗ 
𝑺𝑮

= 𝑬 𝑺𝟏 

Hence:  

∯ 𝑬⃗⃗ . 𝒅𝒔⃗ 
𝑺𝑮

= 𝑬 𝟐𝝅 𝒓 𝒉ᇣ ᇤ ᇥ
𝑺𝟏

                      (1) 

b)- Find the charge inside the Gaussian surface: 

The charge is uniformly distributed over the volume bounded by the Gaussian cylinder. 

 𝑄𝑛𝑒𝑡 = ∭ 𝜌⏞
𝐶𝑡𝑒

 𝑑𝑣

𝑣𝑐ℎ𝑎𝑟𝑔é

 

 

 𝑄𝑖𝑛𝑡 =  𝜌 ∭  𝑑𝑣  ⟹

𝑣𝑐ℎ𝑎𝑟𝑔é

 𝑄𝑛𝑒𝑡 =  𝜌𝑣𝑐ℎ𝑎𝑟𝑔é 

 𝑸𝒊𝒏𝒕 = 𝝆𝒉𝝅 𝒓 
𝟐                (𝟐) 

From equations (1) and (2), the Gauss's law equality gives us: 

𝐸 2𝜋 𝑟 ℎ =
𝜋𝜌 ℎ 𝑟 2

𝜀0
            ⟹         𝐸 (𝑟) =

𝜌

2𝜀0
 𝑟    

- Region (II) ; r > R 

The expression of the flux through the Gaussian surface is the same as that of the first region. 

∯ 𝑬⃗⃗ . 𝒅𝒔⃗ 
𝑺𝑮

= 𝑬 𝟐𝝅 𝒓 𝒉ᇣ ᇤ ᇥ
𝑺𝟏

                      (1) 

b)- Calculate the charge inside the Gaussian surface: 

The charge is uniformly distributed over the volume bounded by the real cylinder. 

S1 is the lateral surface of the cylinder  𝑺𝑮 

Volume bounded by the Gaussian surface SG 
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 𝑄𝑖𝑛𝑡 = ∭ 𝜌⏞
𝐶𝑡𝑒

 𝑑𝑣
𝑣𝑐ℎ𝑎𝑟𝑔é

   

 

 𝑄𝑖𝑛𝑡 =  𝜌 ∭  𝑑𝑣  ⟹

𝑣𝑐ℎ𝑎𝑟𝑔é

 𝑄𝑖𝑛𝑡 =  𝜌𝑣𝑐ℎ𝑎𝑟𝑔é 

 𝑸𝒊𝒏𝒕 = 𝝆𝒉𝝅 𝑹 
𝟐                (𝟑) 

From equations (1) and (3), the Gauss's equality yields: 

𝐸 2𝜋 𝑟 ℎ =
𝜋𝜌 ℎ 𝑅 2

𝜀0
            ⟹         𝐸 (𝑟) =

𝜌

2𝜀0
 (
 𝑅 2

𝑟
)    

 

Conclusion : 

The field created by the uniformly charged infinite cylinder in volume is given by: 

  

       𝐸 (𝑟) =

{
 
 

 
    

𝜌

 2𝜀0
 𝑟                        0 ≤ 𝑟 ≤ 𝑅

𝜌

2𝜀0
 (
 𝑅 2

𝑟
)                 ;  𝑟 > 𝑅

    

 

 

- Find the electric potential V(r) created by this charge distribution at any point in space:  

We know that:               𝐸⃗ = −𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   𝑉  

The electric field in this case is radial, so: 𝐸⃗ = 𝐸 (𝑟) 𝑢⃗ 𝑟 

𝐸(𝑟) = −
𝑑𝑉

𝑑𝑟
    ⟹   𝑑𝑉 = −𝐸(𝑟) 𝑑𝑟   

- Region (I) ; r ≤ R :  

 

S3 

S1 

S2 

(I) (II) 

𝒏⃗⃗ 𝟏 

𝑬⃗⃗  

𝒏⃗⃗ 𝟑 

𝑬⃗⃗  

𝒏⃗⃗ 𝟐 

𝑬⃗⃗  

Volume of loaded cylinder 

    

 

We substitute the expression of the electric field in this region 
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𝑑𝑉 = −𝐸(𝑟) 𝑑𝑟  ⟹ 𝑑𝑉 = −
𝜌

 2𝜀0
 𝑟 𝑑𝑟     

 

                                            ⟹   𝑉(𝑟) = −
𝜌

 4𝜀0
 𝑟2 + 𝐶1   

 

-Region (II) ; r >R : 

𝑑𝑉 = −𝐸(𝑟) 𝑑𝑟  ⟹ 𝑑𝑉 = −
𝜌

2𝜀0
 (
 𝑅 2

𝑟
)  𝑑𝑟   

   ⟹ ∫  𝑑𝑉 = −
𝜌 𝑅 2

2𝜀0
 

⏞  
𝐶𝑡𝑒

∫ ( 
1

𝑟
)  𝑑𝑟  

 

  ⟹  𝑉(𝑟) = −
𝜌 𝑅 2

2𝜀0
 𝑙𝑛 (𝑟) + 𝐶2

 

So, the electric potential created by this charge distribution is: 

 

𝑉 (𝑟) =

{
 
 

 
     −

𝜌

 4𝜀0
 𝑟2 + 𝐶1        ; 0 ≤ 𝑟 ≤ 𝑅

−
𝜌 𝑅 2

2𝜀0
 𝑙𝑛 (𝑟) + 𝐶2        ;  𝑟 > 𝑅

 

 

Now, we need to calculate the integration constants C1 and  C2  

 

According to the exercise data 𝑉(0) = 0  , we notice that this data belongs to region  

We calculate first  C1 : pour    𝑟 = 0 →  𝑉(0) = 0  

 

𝑉(0) = −
𝜌

 4𝜀0
 02 + 𝐶1⟹   𝐶1 = 0

 

Hence, the electric potential in region I is:   

𝑉(𝑟) = −
𝜌

 4𝜀0
 𝑟2

 

To calculate C2, we use the continuity of the electric potential at r = R between region I and II. 

𝑉𝑟𝑒𝑔𝑖𝑜𝑛 𝐼𝐼(𝑅) = 𝑉𝑟𝑒𝑔𝑖𝑜𝑛𝐼(𝑅) 

−
𝜌 𝑅 2

2𝜀0
 𝑙𝑛 (𝑅) + 𝐶2 = −

𝜌

 4𝜀0
 𝑅2⟹ 𝐶2 = 

𝜌 𝑅 2

2𝜀0
( 𝑙𝑛 (𝑅) −

1

2
 )

 

The constant of integration to be determined 

The constant of integration to be determined 
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Hence, the electric potential in region II is:   

𝑉(𝑟) =
𝜌 𝑅 2

2𝜀0
(𝑙𝑛  (

𝑅

𝑟
) −

1

2
 ) 

So, the electric potential created by this charge distribution is: 

 

𝑉 (𝑟) =

{
 
 

 
     −

𝜌

 4𝜀0
 𝑟2        ;         0 ≤ 𝑟 ≤ 𝑅

𝜌 𝑅 2

2𝜀0
(𝑙𝑛  (

𝑅

𝑟
) −

1

2
 )       ;  𝑟 > 𝑅

 

 

- The graphs of 𝐸(𝑟) 

  

 

 

 

 

The graphs of 𝑉(𝑟) 

 

 

𝝆𝑹

𝟐𝜺𝟎
  

𝐸(𝑟) 

𝑟 𝑅 

       Region I          Region II 

A straight line with slope 
𝜌

 2𝜀0
 

The shape of a function of the 

form ቀ
1

𝑟
ቁ  

 

−
𝝆𝑹𝟐

𝟒𝜺𝟎
  

𝑉(𝑟) 

𝑟 𝑅 

       Region I          Region II 


